Introduction
Organic Rankine cycle power systems are employed in a range of different fields such as biomass applications, geothermal heat recovery, industrial waste heat recovery and solar applications. Compared to gas and steam turbines, the relatively small enthalpy drop in the expansion is advantageous for the ORC turbine design since it allows for the use of only one or a few turbine stages. For a given external heat source, the preliminary design of the ORC systems is performed by optimization of the thermodynamic cycle, which is typically hampered by technical and practical constraints. The system components such as the expander, heat exchangers and pump can be included in the cycle optimization or can be optimized in a subsequent stage of the design process.
Even though different aspects can be included in the preliminary design of ORC systems, a number of authors [1] [2] [3] [4] have highlighted that the expander and working fluid are the two key elements.
Song et al. [5] , Yun et al. [6] , Yang and Yeh [7, 8] and Andreasen et al. [9] performed design and optimization of ORC systems for marine applications but neglected the details of the expander design. Toffolo et al. [10] , Maraver et al. [11] and Vivian et al. [12] proposed different methodologies for selecting the optimal working fluid and cycle configuration in ORC systems; however, in all cases the isentropic turbine efficiency was set to a fixed value. Astolfi et al. [13] and Martelli et al. [14] performed detailed thermodynamic and techno-economic analyses on ORC systems including multistage turbine optimization for geothermal and biomass applications, respectively. The aforementioned authors designed the ORC system by means of an assumption of the turbine efficiency, or estimated the turbine performance by interpolation of a statistical correlation developed for single-stage machines. Da Lio et al. [15] tackled the issue by constructing performance maps for single-stage axial turbines including the critical temperature of the working fluid as an additional parameter. Recently, White and Sayma [16] proposed a coupled analysis and optimization process of a small-scale ORC and a single-stage radial turbine with the aim to improve the economy-of-scale of the system. The authors developed performance maps based on a modified similitude theory to predict the performance of the turbine and of the ORC system.
In previous publications the present authors [17, 18] developed a methodology for a coupled optimization of an organic Rankine cycle unit and an axial turbine, and demonstrated that it is essential to include the design of the turbine in order to make accurate estimations of the cycle performance. In Refs. [17, 18] , a single-stage axial turbine model was validated and employed. However, multistage turbine solutions are more suitable for applications requiring large power output and high expansion ratio, since they ensure better efficiency and limit the turbine loading under these conditions [19] . Multistage axial turbine arrangements are used by many ORC manufacturers, as documented in Colonna et al. [20] , and a number of exemplary turbines have been documented, see Table 1 . However, the literature on their design and optimization procedures is very limited. Some authors [21] [22] [23] [24] [25] presented the main criteria used in the development of the turbines in Table 1 , however without providing the full details of their design and optimization methods. Other authors [26] [27] [28] have focused only on the analysis of the flow and performance of multistage ORC turbines using CFD techniques for a given turbine geometry. In all previous references, i.e. Refs. [21] [22] [23] [24] [25] [26] [27] [28] , the multistage turbine design was decoupled from the optimization of the ORC system. To the best of our knowledge, the most advanced approach where the multistage turbine performance is included in the ORC system optimization, is that proposed recently by Macchi and Astolfi [19] . They constructed a-priori correlations to predict the turbine isentropic efficiency as a function of the size parameter and volume flow rate ratio for a fixed number of stages (up to three). The formula was developed using a mean-line model [34] employing ideal gas assumptions and optimizing the rotational speed. By using the proposed correlations, the thermodynamic cycle can be optimized to assess the impact of the different number of stages on the system performance. The approach by Macchi and Astolfi [19] is very general; however, it does not provide a specific optimal design for the considered application, i.e. the rotational speed is always set to the optimal value, the fluid is considered as an ideal gas, and the number of stages is limited to three. Moreover, the approach follows the same design philosophy for single and multi-stage turbine configurations; whereas in real applications key decision criteria such as performance, cost, working fluid limitations and technical aspects may set additional constraints on the turbine design, leading to different solutions.
There are a few mean-line models for multistage ORC turbine design in use by companies and research institutes, including AXTUR [35] , used in the aforementioned approach by Macchi and Astolfi [19] , and zTurbo [36, 37] . These codes underwent intense development, and their reliability was successfully assessed by several companies [38] ; however, their detailed validation has yet to be published in the scientific literature (even though, in the case of zTurbo, a partial validation was presented in Ref. [39] ). For this reason, there is the need to publish validation details of multistage ORC turbine models in the open literature.
The objective of this paper is to extend the design methodology of ORC power systems by including the optimal preliminary design of the axial turbine in the most general multistage layout. To this end, the paper presents a comprehensive strategy for turbine model validation, cycle and turbine combined optimization, and analysis of the results. This work is limited to consider steady-state analyses at design conditions. A multistage turbine model is developed and validated with two well-documented test cases from the literature, one of which is an ORC turbine. The design methodology for cycle and turbine is presented, and two different turbine design approaches are proposed. Then, the methodology is applied to the case of waste heat recovery from a large marine diesel engine, in order to show how it can be used in a real application. This paper introduces several novel elements: (i) it presents the detailed validation of a mean-line model of ORC multistage axial turbines; (ii) it considers two alternative turbine design approaches, which designers may adopt according to their key decision criteria; (iii) it proposes a methodology for combined optimization of an ORC system and an ORC multistage turbine, in which the turbine layout and performance become additional criteria for the working fluid selection in a specific application.
Compared to the method used by Macchi and Astolfi [19] , the methodology presented here allows optimizing the cycle and turbine for a specific application and including real-gas models. Overall the results and the method provide a solid contribution to state-of-the-art, of relevance for researchers as well as engineers and decisionmakers.
The paper is structured as follows: Section 2 presents the case study, the methods for the cycle and turbine designs, the criteria for the working fluid selection, and the validation of the multistage turbine model. Section 3 presents the results of the turbine model validation and of the optimization with the ORC system. Section 4 discusses the results. Conclusions are drawn in Section 5. Figure 1 illustrates a schematic of the workflow methodology adopted in this study. Two different turbine design approaches were adopted, namely conservative design and advanced design, which are explained in more detail in Sec. 2.4. Based on the inputs from the case study (Sec. 2.1), a working fluid preselection process was performed (Sec. 2.2). As a starting point, an isentropic turbine efficiency of 0.8 and a singlestage design were assumed. Then, cycle and turbine were optimized for each working fluid candidate following an iterative process described in Sec. 2.6. In the conservative design approach, the maximum Mach number in the optimized turbine solutions was checked for being within a predefined value to ensure a conservative turbine design (see Sec. 2.4). If the constraint was not satisfied, a new combined optimization step was performed using an additional turbine stage. Finally, a performance index was computed (Sec. 3.3), incorporating the effects of both turbine and cycle designs. This parameter was also used to select the minimum number of stages in the advanced design approach and to decide on the possible insertion of a gearbox. A number of fluid candidates having the highest performance index was selected. The selection of the most suitable working fluid is discussed (Sec. 4) based on technical and environmental aspects, and the requirements of the specific application. The aforementioned steps and the validation of the multistage turbine model are described hereafter.
Methods

Case study and cycle modelling
The selected case study is the waste heat recovery from the exhaust gases, jacket cooling water and scavenge air of a 37 MW diesel engine aboard a container ship [40] . The engine employs a heavy fuel oil with sulphur content, of about 3 % and operates most of the time at low loads. In order to exploit fully the engine's waste heat, without oversizing the unit, we chose to design the ORC system at 75 % engine load. Figure 2 shows a sketch of the ORC unit, and Table 2 lists the ORC modelling conditions. In addition to the exhaust gases, the jacket water and scavenge air were included as heat sources in order to obtain a higher system net power output from the ORC unit, and to preheat the working fluid at the pump outlet to the required level to avoid sulphuric acid condensation [41] . We found that a recuperator is not required. When the exhaust gases exit the engine, they are first used for generating service steam (2 t/h) for onboard heating purposes. After the service steam-boiler, the exhaust gases enter the ORC at 235.85 • C. The temperature of the working fluid at the boiler inlet was limited to 135 • C to avoid sulphuric acid condensation [40] . The turbine can potentially be equipped with a gearbox, affecting both the system performance and turbine design. The suitability of the gearbox solution is discussed in Sec. 3. The heat exchangers in the cycle were modelled with a pinch point approach.
Preliminary working fluid selection
In order to screen the suitability of the different working fluid candidates, some preselection criteria were used. Fluid candidates were selected according to indications in the literature [5, [42] [43] [44] [45] for a waste heat recovery source of 235 • C, and according to their availability in commercial units [20, 43, 46] . The working fluids were discarded in the case they presented the following attributes: a thermal stability limit lower than the hot fluid inlet temperature, a critical temperature lower than the minimum admissible temperature at the boiler inlet, a non-zero ozone depleting potential (ODP) [47] or a global warming potential (GWP) > 150 [48] . In the latter case, exception was made for those fluids currently used by manufacturers. Practical limitations on maximum and minimum pressures allowed in the ORC unit were also considered based on the indications by Rayegan et al. [49] , Drescher and Brüggeman [50] , and MAN Diesel & Turbo [40] . Finally, the work was limited to subcritical cycle operation, with a maximum limit of 0.8 in reduced pressure, in order to avoid excessive pressure in the boiler and problems during operating conditions close to the critical point. Table 3 shows the list of preselected working fluids. 
Multistage axial turbine model
TURAX is a mean-line model for the design and performance prediction of single and multistage axial turbines. In its present status the model is limited to steady-state analyses at design conditions. The model has been particularly conceived (i) to simulate axial-flow turbines operating with organic fluids and (ii) to perform a coupled optimization with the design of the ORC system. The details of the single-stage axial turbine model were presented in previous publications [17, 18] . The main features of the multistage axial turbine model are described hereafter:
(1) TURAX performs the design of a multistage turbine by simultaneous optimization of each stage variable, in agreement with the indications by Persico and Pini [38] for ORC turbines. The decision variables of the multistage model are given in Table 4 . The stage inlet axial velocity is specified only for the first stage, and the rotational speed is the same for all stages, since they are assumed to be mounted on the same shaft. In total 8 variables per stage are specified as input, in addition to rotational speed and stage inlet axial velocity. (2) The pressure ratio of each stage is optimized based on the isentropic stage loading coefficient ψ n . For a constant radius turbine design, the following relation holds:
By means of Eq.1 it is possible to compute the mean peripheral speed U m and isentropic enthalpy drop ∆h 0s,tot , thus also the total pressure ratio distribution across the stages. (3) The flow angle and absolute velocity at the outlet of a stage were assumed to be the same as those at the inlet of the subsequent stage. (4) The method by Craig and Cox [69] was employed, since it is the most comprehensive for the preliminary design of an ORC turbine. [23, 34, 35, 70] . The loss correlations used in the model were described in a previous work [17] . Supersonic converging nozzle blades are used for exit Mach numbers between 1 and 1.4, allowing a post-expansion downstream the blade opening. For higher Mach numbers, a supersonic adapted converging-diverging nozzle is used instead. In order to preserve the validity of the employed loss correlations and avoid high losses due to supersonic conditions, the rotor shape is converging with maximum relative Mach numbers at the rotor inlet and outlet of 0.8 and 1.4, respectively [71] . If the nozzle exit flow has a Mach number below 1.4, the throat is calculated as the minimum opening provided as input. Alternatively, it is calculated by a mass balance between the throat and the outlet of the nozzle, assuming a constant blade height in the divergent part. When an adapted converging-diverging nozzle was used, the blade profile design was assumed to be optimized, and the profile loss increment due to high Mach numbers is neglected as recommended in Dunham and Came [72] .
Selection of the number of stages
The selection of the optimal number of stages may be based on a techno-economic analysis or on turbine aerodynamics and performance considerations. A number of 
different approaches to this topic can be found in Refs. [13, 14, 38, 73] . Nonetheless, an unequivocal method for the selection of the number of stages of ORC turbines has not been identified in the literature. This paper presents and compares two different approaches.
The first approach (denoted as conservative approach) follows a conservative turbine aerodynamic design, where the maximum Mach number in each stage is set to 1.4. This method allows avoiding excessive losses related to highly-supersonic flow conditions in the blade rows and the use of a simpler blade design (i.e. converging nozzle blades with post-expansion), and it can ensure higher reliability and performance at off-design conditions [21] . Moreover, it avoids using the conventional loss estimation procedures for highly supersonic flow conditions, for which not fully reliable correlations are available [74] . This method was adopted by previous authors [36, 75, 76] in the design of ORC turbines.
A more compact solution would possibly employ converging-diverging nozzle blades with highly supersonic flows. For this reason, a second approach (denoted as advanced approach) is presented. In this case, the turbines have a higher stage loading and are designed with adapted converging-diverging nozzles. This approach was adopted by some other authors, see i.e. [24, 25] , in the design of ORC turbines.
Turbine model validation
This multistage axial turbine model was validated using the design data of two reference turbines, having the most comprehensive and detailed information on experimental characterization and turbine geometry. The two test cases can be considered representative of the conservative and the advanced design approach, respectively. In addition, in the second test case, an uncertainty analysis was carried out in order to quantify the effects of the uncertainty in the assumed input parameters, on the results. The uncertainty analysis was applied only to the second test case, since the geometry of the first test case is well defined. Four-stage subsonic turbine. The first case study is a subsonic four-stage turbine operated with air whose design performance and flow characteristics are described in Kötzing and Evers [77] and in Hirsch and Denton [78] . The turbine generates 703 kW at 7500 rpm, has a total-to-static pressure ratio of approximately 2.6 and a calculated total-to-total efficiency of 91.3 % with an estimated accuracy of 0.8 % [77, 79] . The blades are of the free-vortex type, designed for a 50 % degree of reaction in the middle section. Kötzing and Evers [77] suggested the presence of uncertainty in the experimental data. In order to improve the reliability of the validation, the results of TURAX were also compared to the Computational Fluid-Dynamic (CFD) data documented in Gerolymos and Hanisch [80] and Croce et al. [81] . These two are representative of state-of-the-art modelling techniques for multistage turbines [80] [81] [82] and have been validated using other experimental turbomachinery data [83, 84] . Table 5 lists the input data used for model validation. Blade opening, pitch, statorrotor axial clearance and interstage axial gap at the mean-line section were extracted by interpolation from the design data in the references. The axial velocity at the turbine inlet was computed by mass and energy balances. Flow coefficients were found by obtaining the actual turbine mean-line diameter and the best possible match with the actual blade height at the stage outlet. A straight blade profile in the rear suction side after the opening and a surface roughness of 2 · 10 −3 mm were used in the calculations. Thermodynamic and flow conditions at the different turbine sections used for the comparison were estimated by applying mass-weighted averages to the experimental and CFD profiles, except for the pressure that was estimated as an area-weighted average. The thermodynamic properties of air were computed using REFPROP [86] .
Two-stage ORC turbine. The second reference case for the validation of the multistage turbine model is a supersonic two-stage turbine used for a small demonstration solar power plant, whose design data and test results are presented by Verneau [24, 85] and Boy-Marcotte [87] . The turbine features a first, highly-loaded impulse stage with converging-diverging nozzle blades, and a second stage with 50 % reaction blading. The fluorochemical FC-75 is employed as the working fluid and the turbine produces approximately 54 kW at 7700 rpm with a measured total-to-static efficiency of 78 %. Table 5 shows the input data used in the validation of TURAX. Since the blade angle at the first rotor outlet was not provided, the actual value of the flow angle 56.7 • was imposed in order to limit the uncertainty of preliminary calculations. The stage loading coefficients in the two stages were selected in order to match the actual mean radius and peripheral speed. The geometric data that were not provided by Verneau were assumed as indicated in Table 5 . Opening-to-pitch ratios in the first stage nozzle and in the second stage were estimated using the cosine rule of the mean-line exit flow angles given in Ref. [24] . The throat at the nozzle and rotor exit in the second stage were computed based on the assumed values of opening-to-pitch and the known pitch. Trailing edge to opening ratios and tip clearance were assumed as in Macchi [71] . The axial velocity at the turbine inlet was computed by mass and energy balances. A straight blade profile in the rear suction side after the throat and a surface roughness of 2 · 10 −3 mm were used. The thermodynamic properties of FC-75 were computed using the Peng-Robinson equation of state. The critical properties of FC-75 were used as in Kluwick [88] and the ideal molar heat capacity coefficients were estimated with the method by Joback and Reid [89] . The ideal molar heat capacity c p , expressed in J · mol −1 · K −1 , was computed as a fourth-degree polynomial function of temperature with coefficients A = -230.11, B = 2.6724, C = -0.0034, and D = 2.00 ·10 −6 .
The uncertainty analysis using the Monte Carlo method [90] was carried out on the assumed parameters in order to evaluate the effect of their uncertainty on the results. The 6 uncertain parameters and their assumed values are indicated in Table 5 . They were varied in the range ± 10 %, which was selected to yield less than 5 • of flow deviation at the rotor outlet in the second stage and at the nozzle outlet in the first stage, as expected for the type of blading employed in the test case [91] . A number of 500 samples was used for each variable, and a uniform distribution without correlation control was applied. A model in the Matlab environment originally developed by Sin et al. [92] and modified for the scope of this work was used.
Design optimization
In this work, turbine and cycle models were combined and optimized following the iterative procedure illustrated in Figure 1 and described in Sec. 2. The optimization boundaries are described in La Seta et al. [18] . However, the approach in [18] was based on the use of a surrogate model for the turbine, whereas a new approach was adopted in this study since it does not require the computational efforts of generating numerous design points for each fluid and number of stages. The objective function of the cycle and turbine optimizations are the net power output and the turbine efficiency, respectively, defined as
The parameterṁ w f is the working fluid mass flow rate, and ∆h 0,t and ∆h 0,p are the total-to-total enthalpy drops across the turbine and the pump, respectively. The term ∆h ts denotes the total-to-static isentropic enthalpy drop across the turbine, and the coefficient 0.5 indicates that 50 % of the kinetic energy is assumed to be recovered by a diffuser downstream the last stage. Cycle and turbine designs were optimized by means of a hybrid optimization approach combining Particle Swarm optimization with a direct search method. A population size of 2000 and 500 for cycle and turbine were selected, since they provided a good compromise between accuracy and computational time. The turbine was designed considering the cases of optimized and fixed rotational speed. If the optimal rotational speed was lower or equal to that required by the generator (3600 rpm aboard the ship), the gearbox was not used and the rotational speed was fixed to the value 3600, 1800 or 1200 rpm. A maximum value of 500 m/s for the rotor blade tip speed was imposed as the optimization constraint, in order to limit mechanical stress issues.
Results
Validation
Four-stage subsonic turbine. Table 6 shows the results of the validation. The deviation between experimental and TURAX values is expressed as Dev = (TURAX − datum)/datum, where datum refers to the corresponding experimental value. When experimental data are not available for comparison or are considered uncertain, the deviation is calculated with respect to the CFD data by Gerolymos et al. [80] and Croce et al. [81] . The deviation in the flow angles is expressed in absolute difference. The total pressure and temperature at the outlet of the different stages, p 03 and T 03 , show good agreement with experimental and CFD data, with deviations smaller than 0.5 %. The deviation in static pressure p 3 is higher and up to 1.7 %. Notwithstanding the lack of reliable velocity data in the experimental results, the comparison between TURAX and CFD calculations of Croce at al. [81] shows a maximum discrepancy of 3.5 % in absolute velocity C 3 , possibly due to the discrepancy in static pressure. Although experimental data of the rotor outlet relative flow angle β 3 were not provided, the comparison with the CFD data of Gerolymos et al. [80] suggests agreement within 3 • . The absolute flow angle at the rotor outlet α 3 has a deviation up to 8 • with experimental data. This high value might stem from the discrepancy in C 3 . Figure 3 shows the profiles of the main quantities at the exit of each stage. Despite the difference between the experimental and predicted velocity profiles, the average values of TURAX provide a reasonable match with the CFD profiles. Figure 4 shows the meridional turbine layout obtained with TURAX. The blade heights are computed with good accuracy, with less than 3 % deviation, as a result of the relatively small discrepancies in the flow and thermodynamic quantities. The predicted total-to-total efficiency of the stages resulted to be within 0.2 %-points of the CFD values, and within 1.72 %-points of the [80] . ( * * ) = Croce et al. [81] . pp = percentage-points. n/a = not available.
experimental values. The results of this validation are considered to be satisfactory and confirm that TURAX is suitable for the preliminary design and performance prediction of multistage turbine architectures featuring subsonic flow conditions and high-aspect ratio blade profiles.
Two-stage supersonic ORC turbine. Table 7 reports the results of the validation with the two-stage ORC turbine described by Verneau [24, 85] . The values of standard deviation obtained with the uncertainty analysis are shown in absolute terms. The thermodynamic and flow quantities in the two stages show a good agreement with the data of Verneau, with deviations up to 3 % in the first stage and 8.5 % in the second stage. Static pressure and absolute Mach number at the first and the second stage outlet, respectively, show a mismatch up to 6.3 % which is possibly related to the discrepancy in the velocity values. Figure 4 shows the meridional profile of the turbine computed by TURAX (red) and the original profile (black) from Verneau [24] . Blade heights and number of blades are calculated with less than 3 % deviation except at the turbine outlet, where the deviation is up to 5.6 %. TURAX computed total-to-static efficiency values of 73.22 % and 81.53 % for the first and the second stage, respectively. The predicted efficiency was 79.76 % and differed by 1.76 %-points from the experimental value of Verneau. Figure 5 shows the scatter plot of turbine efficiency after uncertainty propagation and the ranking of the uncertain parameters. The parameters with a greater impact on the results were the opening-to-pitch ratio, responsible for the calculation of the exit flow angle, and the blade surface roughness, responsible for frictional effects on the blades. The stage inlet flow angle, tip clearance, trailing edge thickness-to-opening ratio and backbone surface curvature provided only a marginal change in efficiency. Moreover, the data of Verneau are in many cases comprised in the standard deviation range of TURAX. In light of the complexity of phenomena related to the design of a two-stage supersonic turbine with an organic fluid, the obtained discrepancy of less than 2 %-points is considered satisfactory for a preliminary design tool. Figure 8 shows the cycle net power output, Figure 9 the turbine efficiency and Figure 10 the minimum required number of stages obtained by the optimization for both the conservative and the advanced approaches. Figure 8 highlights that different values of net power output can be obtained depending on turbine modelling criteria and configurations. For the fluid MM, the adoption of the methodology presented in this work results in unfeasible design solutions for one and two stages. Feasible solutions are found using three stages with the advanced design and five stages in the case a conservative approach is preferred. Different values of net power output are obtained when the turbine is optimized together with the cycle. From the thermodynamic perspective, n-butane ranks as the most promising candidate, followed by R245fa, isopentane and n-pentane. When the turbine design is optimized for constant rotational speed, the net power output declines in most of the cases, since the machine is not operating at the optimal specific speed. In this case, R245fa outperforms n-butane thanks to the lower optimal rotational speed (approximately 7200 rpm). When a conservative design approach is adopted, almost all solutions except MM require two or three stages, with turbine efficiencies between 85 % and 93 % in most cases. Not much difference is observed in the required number of stages with optimized or constant rotational speed, except for n-pentane and n-butane due to the higher values of rotational speed between 9000 and 14000 rpm. The adoption of an advanced design approach always leads to optimal turbines featuring a single stage. In the case of MM, it is not possible to find suitable design solutions for one stage, primarily due to the excessive flaring angles and relative Mach numbers at the stage exit. The advantages of increasing the rotational speed with a gearbox might be offset by the additional efficiency penalty and the cost due to the insertion of such a component. The results suggest that the different power output values correspond to different turbine designs and that might lead to different levels of cost and complexity. Therefore, a dedicated analysis must be performed in order to identify whether one design solution outperforms another, considering both technical and economic criteria.
Design optimization
Cycle-turbine performance index
It is useful to compare the solutions of Figure 8 on a common basis in order to find the most suitable working fluid for the considered application. In this respect a figure of merit was used, which enables one to consider at the same time a) the higher system complexity resulting from the increased number of stages; b) the cost of the expander based on its size; and c) the possible cost of the gearbox. A Performance Index (PI) is defined here as the ratio of the electrical net power output to the cost of the turbogenerator unit:
where P el = P net · η gear · η gen is the net electrical power output of the cycle, considering the generator efficiency η gen and, possibly, the gearbox efficiency η gear . The variable C turb denotes the cost of the turbogenerator in ke. The use of the turboexpander cost in the denominator is justified by the fact that the turbine represents between 15 % and 70 % of the total cost in the ORC system [13, [93] [94] [95] [96] [97] depending on power output, heat source temperature and system architecture. In this work, the cost of the turbogenerator was estimated using the correlation by Astolfi et al. [13] , which was developed based on the experience gained by the authors with ORC manufacturers. The formula is valid for a power output higher than 1000 kW, which applies to the designs in this paper. Equation 4 shows the total cost of the turbogenerator unit, expressed as the sum of the turbine cost (C t ), generator cost (C gen ) and possible gearbox cost (C gear ). The parameter n is the number of stages, SP is the size parameter of the last stage, SP 0 the reference turbine size parameter, C 0 the basic reference cost, and P el,0 the reference turbine electric power.
0.67 C 0 = 200 ke, P el,0 = 5000 kW C gear = 0.4 ·C gen Figure 6 shows the values of PI of the optimal solutions for each fluid, and Table 8 shows the characteristics of the obtained solutions.
P e n t a n e i p e n t a n e M M H e x a n e c y c l o p e n t a n e b e n z e n e C y c l o h e x a n e t o l u e n e b u t a n e R 2 4 5 f a e t h a n o l gearbox no gearbox (a) P e n t a n e i p e n t a n e M M H e x a n e c y c l o p e n t a n e b e n z e n e C y c l o h e x a n e t o l u e n e b u t a n e R 2 4 5 f a e t h a n o l In both the conservative and the advanced approaches, the ORC systems with the highest PI would employ n-butane, but would feature a two-stage and a single-stage turbine with gearbox, respectively.
The fluid n-butane has the smallest turbine diameter, and results in the lowest cost, followed by R245fa. The working fluids yielding large turbine sizes and more stages such as MM, toluene and ethanol, are further penalized in the fluid rank. Figure 7 shows that single-stage turbines feature rotor blades with higher deflection and more compact size in the axial direction. On the other hand, the two-stage configurations allow a conservative design of sealing and bearings due to the lower rotational speed. Table  8 shows that the smaller number of stages of the advanced designs results in a higher PI, while the best solutions in the conservative approach have two and three stages.
In particular, the five-stage turbine with MM is greatly penalized by the additional complexity. Moreover, turbine designs with more than three stages are unusual [38] . Notwithstanding the higher net electrical power output, the additional cost and efficiency penalty of the gearbox result in a lower PI for many fluids such as R245fa, n-pentane, and n-hexane due to an efficiency increase lower than 4 %-points. On the other hand, a gearbox solution for n-butane is beneficial since it provides a comparatively higher turbine efficiency by 6-7 %-points and a reduced number of stages. 
Discussion
The single-stage, highly supersonic n-butane turbine yielded the best PI value, which is approximately 1.5 times higher than that of the two-stage solution. Thus, 20 P e n t a n e i p e n t a n e M M H e x a n e c y c l o p e n t a n e b e n z e n e C y c l o h e x a n e t o l u e n e b u t a n e R 2 4 5 f a e t h a n o l 1,000 1,500 2,000 2,500
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Turbine efficiency [-] η turb = 0.8 gearbox no gearbox (a) P e n t a n e i p e n t a n e M M H e x a n e c y c l o p e n t a n e b e n z e n e C y c l o h e x a n e t o l u e n e b u t a n e R 2 4 5 f a e t h a n o l the advanced approach would be the preferred option, provided that an aerodynamic design featuring supersonic concepts is accepted. The review of the existing literature on single and multistage turbines suggests that the criteria for selecting the optimal number of stages depend on a multitude of 21 P e n t a n e i p e n t a n e M M H e x a n e c y c l o p e n t a n e b e n z e n e C y c l o h e x a n e t o l u e n e b u t a n e R 2 4 5 f a e t h a n o l Number of stages [-] gearbox no gearbox (a) P e n t a n e i p e n t a n e M M H e x a n e c y c l o p e n t a n e b e n z e n e C y c l o h e x a n e t o l u e n e b u t a n e R 2 4 5 f a e t h a n o l factors and on the requirements of the specific application. For example, Angelino et al. [23, 31] and Bado et al. [21] suggest that a conservative design approach was mainly followed between the 1970s and 1980s in Italy, see Table 1 . The main rationale behind these designs was to prioritise high efficiency values at part load as well as to avoid the use of highly supersonic blade rows since loss models had, at that time, comparatively low reliability. Moreover, the higher number of stages could reduce the optimal rotational speed, thereby avoiding the use of a gearbox. Reaction blade profiles were employed in each stage, with a pressure ratio per stage estimated between 3.2 and 5.0. In terms of turbine efficiency, Angelino and Invernizzi [74] suggested the use of two-stage turbines instead of the single-stage one in order to obtain high performance and avoid excessive loading in the heat exchangers. Notwithstanding the inherent challenges of more advanced designs, other authors documented the use of such high pressure ratio ORC turbines. Verneau [24] described the testing of different single and two-stage ORC turbines featuring pressure ratios between 6 and 150. An advanced design approach was considered here as the first stage stator was highly loaded and featured a converging-diverging nozzle with an exit Mach number up to 2.74. The relative inlet Mach number to the rotor was 1.1 or higher. The first stage pressure ratio was between 6 and 150 while the second was 2 or 3. For the two-stage turbines, Verneau [24] documented isentropic total-to-static turbine efficiencies of about 0.78 at the design point and a rapid performance decay at off-design operation.
Bronicki [98] reported his experience on designing and testing ORC turbines since 1960 and using high speed turbogenerator technology. Stator Mach numbers for singlestage units were between 2.5 and 3.5, indicating that an advanced design approach was followed. The overall stage efficiency for a 600 W unit was measured as 0.77.
Jokinen et al. [25] presented the results of a two-stage ORC axial turbine using toluene which was designed and tested in the late 1990s. The selection criteria of the number of stages were based on considerations from the work of Verneau [24] . The stage pressure ratio was above 100, and the authors noted that a single-stage unit would have caused design problems and resulted in low efficiency at part-load due to the high blade deflection. The final design featured subsonic relative velocity to each blade passage inlet and supersonic flow conditions to the exit.
Osnaghi et al. [22] presented the design of an 8 kW two-stage ORC turbine with a pressure ratio of about 120 and conceived for a medium temperature solar power plant. To minimize the number of stages, an advanced design approach was adopted resulting in a two-stage turbine featuring converging-diverging nozzles with exit Mach numbers of about 1.9 and transonic rotors. The design value of thermodynamic efficiency calculated from measurements was approximately 0.7, and the efficiency dropped rapidly when reducing the rotational speed.
The survey of the available literature suggests that the optimal n-butane turbine, having a pressure ratio of about 10.3, is in a range where two stages are required following the conservative design approach and one stage would be sufficient for the advanced design approach. This is in good agreement with the results obtained using the methodology presented here, further confirming the validity of the methodology. In fact, the values of isentropic efficiency estimated by the present model in the advanced design approach appear to be comparatively higher than those documented in the literature (i.e. >90 %). This deviation might be due to the lack of fully reliable loss and deviation correlations for supersonic conditions. However, it needs to be stressed that there are inherent difficulties associated with the aerodynamic design of supersonic turbines. As a matter of fact, recent studies on ORC supersonic turbines by Pini et al. and Persico and Rodriguez-Fernandez and Persico [99, 100] have shown that novel CFD-based shape-optimization techniques allow for achieving consistent performance gains with respect to traditional aerodynamic design methods. These methods can also include multi-point turbine operation, thus minimizing the efficiency penalty at off-design conditions [38] .
Besides aerodynamic difficulties, for supersonic turbines Horn [101] highlighted some possible challenges related to mechanical stresses on blades and on the bearing system, additional losses and centrifugal stresses on the blade due to the large rotor chords and flaring angles.
In the case where the design and operation of an advanced n-butane turbine are considered too problematic, R245fa can be the second best working fluid candidate, thanks to the relatively lower flow velocity (and hence Mach number) and rotational speed, allowing for a more conservative design of bearings and seals.
Regarding environmental aspects, the best fluid, n-butane, is highly flammable and has minor hazard issues. Until now, the use of flammable fluids is allowed in ORC plants, and they have been constructed and operated by many manufacturers. The fluid R245fa is currently used by a number of ORC manufacturers (see Table 3 ); however, it should be phased out on a mid-term horizon due to the relatively high GWP [102] . The use of new working fluids such as R1233ZE(Z) and R1233zd(E) would represent ideal solutions from an environmental perspective, although they were discarded in the early selection step due to their low thermal stability limit for the considered application.
Conclusions
This paper presented, for the first time in the literature, a methodology for the design of ORC power systems based on cycle and multistage turbine design criteria. In addition, it presented, for the first time, a mean-line model of an ORC multistage axial turbine that is validated and discussed, and two different design approaches for such turbines. The turbine model was developed and validated against a four-stage subsonic turbine and a two-stage supersonic ORC turbine, representative of a conservative and an advanced design approach, respectively. After a working fluid preselection process, a coupled optimization of cycle and turbine designs was performed for single and multistage turbine arrangements, which was then applied to the case study of waste heat recovery aboard large ships. The validation indicates overall satisfactory results in the comparison with the available data from the open literature, with 2 %-points prediction accuracy in efficiency, and up to 8.5 % in flow conditions and design geometry.
The results suggest that taking into account the turbine design yields different solutions and choices. The turbine efficiency varies approximately between 74 % and 93 % when different fluids and design criteria are employed.
The fluid n-butane demonstrates the best trade-off between cycle and expander design. The results indicate that the optimal solution with n-butane features a single-stage configuration with highly supersonic flows, whereas it features a two-stage reaction turbine when a more conservative design approach is followed. These results are in agreement with the experimental findings of ORC multistage turbines documented in the literature and further confirm the validity of the presented methodology. The fluid R245fa resulted to be the second best fluid. Provided that its high GWP value is accepted, it can be used in place of n-butane since it is non-flammable and it has a lower optimal rotational speed than the expander designed with n-butane, which simplifies the design of bearings and sealings. Due to the additional cost for the systems, the adoption of a gearbox results in a better performance index only for those fluids, such as n-butane and n-pentane, where an increase of turbine efficiency up to 6-7 %-points is observed.
Finally it is noted that the methodology presented herein was limited to the design of the cycle and expander. For future work it would be relevant to address also offdesign conditions and include the performance of the heat exchangers and the pump. Moreover, it is recommended to employ advanced design techniques to investigate potential aerodynamic, structural, noise and off-design issues of highly supersonic turbines.
